Abstract. We construct one-parameter families of overconvergent Siegel-Hilbert modular forms. This result has applications to construction of Galois representations for automorphic forms of non-cohomological weights, for instance, in the work [Mo].
Introduction
The study of p-adic families of automorphic forms has been carried out in many works. In the case of elliptic modular forms, the overconvergent modular eigenforms of finite slope (i.e. with non-zero Hecke eigenvalue at p) are interpolated to be points on a rigid analytic curve, which is known as the Coleman-Mazur eigencurve [CM] . Before this seminal work, the family of ordinary eigenforms was obtained by Hida [Hi86] .
Among all the approaches to the construction of eigenvarieties for more general algebraic groups, the work of Kisin-Lai [KL] on overconvergent Hilbert modular forms is most closely related to ours. Their method is a generalization of that of Coleman-Mazur. In both cases, the key point for interpolating modular forms is the complete continuity (cf. P. 425 [Co] for definition) of the Atkin-Lehner operator on certain spaces of overconvergent forms. In the case of elliptic modular forms, Coleman-Mazur interpolate modular forms by twisting by p-adic analytic families of Eisenstein series. However, in the more general (Siegel-)Hilbert modular case such a theory of Eisenstein series is not yet available. Instead, one lifts (a certain power of) the Hasse invariant in characteristic p to be a global section of certain automorphic line bundle over the integral model of the Shimura variety.
We would like to mention certain differences between our method and that of [KL] , which are mainly caused by the generality of the Siegel-Hilbert moduli space.
In the Hilbert modular case of [KL] , they glue the toroidal compactfication of the Rapoport model [Ra] with the Deligne-Pappas model [DP] , because the Rapoport model may not be proper at the places which are ramified in the totally real field. Fortunately, Rapoport's toroidal compactification can be used because the Lie algebra condition, which causes non-properness at finite distance, is automatic in the boundary. In the Siegel-Hilbert case, one has to do more to take care of the ramified places. There exists the canonical integral model of Pappas-Rapoport [PR] in the Siegel-Hilbert modular case, which has a moduli interpretation. Its toroidal compactifications are, however, not completely understood. Fortunately, the (partial) toroidal compactifications and minimal compactification of the ordinary locus is constructed in [La12] successfully, which will be enough for our use.
Furthermore, we follow the idea of Hida [Hi02] to form the formal Igusa tower over the formal completion of the (compactified) moduli space with level structure away from p, instead of using the "unramified Γ 00 (N p n ) cusps" in [KL] . This seems more convenient in the general Siegel-Hilbert case.
Write G = Res OF /Z GSp 2g . The moduli space above is actually for its subgroup G ′ = G × Res F/Q Gm G m . Finally, with these strategies and results, we construct one-dimensional families of eigenforms on G ′ , for any totally real field F and g ≥ 1. More precisely, we obtain, for each classical weight κ, a reduced rigid analytic curve E κ , whose points are in one-to-one correspondence with systems of Hecke eigenvalues of overconvergent automorphic forms on G ′ , whose weights "differ" from that of κ by parallel weights. One of the key properties of the rigid curve E κ is that the canonical map to the weight space given by weights of modular forms is, locally in the domain, finite flat. We refer the reader to Theorem 4.13 for more details.
Essentially due to the (local) finite flatness of the weight map on E κ (and the argument in Section 4.4), we have Theorem 1.1 (Theorem 4.15). Let f be a (classical) Siegel-Hilbert modular eigenform on G = Res OF /Z GSp 2g of weight κ with some tame level and level p n at p. For any positive integers t with large enough p-adic valuation, there exist SiegelHilbert modular eigenforms f t of the same level and of varying weights, whose Hecke eigenvalues converge p-adically to that of f when t goes to zero p-adically.
This theorem is sufficient for some applications. For example, Theorem 1.1 is one of the main ingredients for attaching Galois representations to automorphic forms π on GL 2 over arbitrary CM fields, the work of one of us [Mo] . More precisely, in order to construct such a 2-dimensional representation, one first lifts π to an automorphic form Π (of non-cohomological type!) on GSp 4 (A F ). Then the Galois representation ρ Π associated to Π is obtained by interpolating Galois representations associated to forms on GSp 4 (A F ) of cohomological type, with the family of cohomological forms supplied by Theorem 1.1. As is mentioned in [Mo] , the use of p-adic analytic family of automorphic forms, compared to the use of congruence relations between them, has the advantage that this (less elementary) method allows us to prove local-global compatibility.
We would like to mention that the eigenvariety for Siegel modular forms (not necessarily with parallel weights) was recently developed in [AIP] , for F = Q. Our result, on the other hand, applies to all totally real fields.
The paper is organized as follows.
In Section 2, we recall the results on integral models of PEL Shimura varieties and their compactificatoins. In the next section, we use the idea of Hida to form the formal Igusa tower. In the last section, we form the spaces of overconvergent SiegelHilbert modular eigenforms and then prove that the U (p) -operator is completely continuous on the spaces. Finally by the machinery in [CM] , we construct the rigid curves interpolating these overconvergent forms, and then show Theorem 1.1.
Notation
• F is a totally real field of degree d over Q, and O = O F is the ring of integers. We denote by A = A F the ring of adeles of F , and by A f the ring of finite adeles of F .
• For a maximal torus T = T G of a reductive group G over Z, Nm : Res O Z T → T is the norm map, i.e. for any ring R, Nm(R) :
• p ≥ 2 is a fixed rational prime.
• If K/Q p is a finite extension, K 0 is the maximal unramified extension of Q p in K, and [K : K 0 ] = e.Q p is a fixed algebraic closure of K, and C p is the completion ofQ p for the p-adic topology.
f the ring of finite adeles over F with trivial p-component.
Siegel-Hilbert moduli spaces
2.1. PEL datum.
2.1.1. The general integral PEL data. We recall the (integral) PEL datum (O B , * , L, ψ, h), whose rational part (B, * , L Q , ψ Q , h) can give rise to a Shimura datum by 4.1 [Ko] .
• B is a finite dimensional semisimple Q-algebra whose center is denoted by F , and is equipped with a positive involution * :
O B is an order of B stabilized by the involution above.
Let G be the group over Z so that for any Z-algebra R,
• Leth : C → End (OB)R (L R ) be an R-algebra homomorphism that gives a Hodge structure of type (1, 0), (0, 1) on L R , such that ψ(x,h( √ −1)y) is a symmetric positive definite bilinear form on L R . The restrictionh| C × can be viewed as a morphism of R-algebraic groups
The action of h gives a decomposition
where h acts on the first factor by the character z →z and on the second one by z → z. The Shimura field is then by definition
The decomposition (2.1.1) is then defined over the subfield E of C.
2.1.2. PEL data for symplectic groups. Let B = F be a totally real field of degree d. Let O B = O and * = Id be the trivial involution. Let L be a finite free Z-module of rank 2dg equipped with an O-module structure, together with the standard symplectic form
given by the antisymmetric matrix J = −I dg I dg . Set
The C-algebra homomorphismh is
We have the PEL datum (O, Id, L, ψ, h =h| C × ). In this case
where GSp 2g is the split reductive group of symplectic similitudes respecting the matrix J. The Shimura field in this case is E = Q.
2.2. The Siegel-Hilbert moduli space over the Shimura field. Keep the Shimura datum (O, Id, L, ψ, h) as above. Let H ⊂ G(Ẑ) be an open compact subgroup. We recall the moduli problem from Section 5 [Ko] and 1.4.1.4 [La08] . Let M H be the functor that assigns to a Q-scheme S the isomorphism classes of the tuples (A, i, λ, α H ) of the following kind
• A is an abelian scheme over S of relative dimension dg, equipped with an O-action called the real multiplication: i : O ֒→ End S (A).
• The requirement of Kottwitz determinant condition det OS (b| Lie A) = det E (b|V 0 ), ∀b ∈ F as polynomial functions, for which both sides of the equality are considered as morphisms of S-schemes. (cf. Section 5 [Ko] for details.)
∨ is a polarization if (locally for theétale topology) it comes from a line bundle over A which is ample over S. (cf. 6.2 [GIT] .) • α H is an H-level structure of type (LẐ, ψ) analogous to that defined in Sec. 2.4.1. (cf. 1.3.7.6 [La08] for more details.) The functor M H is represented by a separated smooth algebraic stack of finite type over E = Q, by Artin's theory and Grothendieck's theory of Hilbert schemes. We denote the moduli stack by M H again. If H is neat, then M H is a smooth quasi-projective scheme over Q, by [GIT] (and the theory of Hilbert schemes). As a special case of the construction of M H , we have the functor M H p with the level structure α H being the prime to p level structure on H p . We denote the universal abelian scheme over M H by A, and denote by ω the pull-back along the unit section of the relative differentials Ω One first finds an auxiliary Shimura datum which can provide the canonical integral model and toroidal compactification. In fact, one can embed the Z-module L into another finite free Z-module L aux which comes with an alternating pairing ψ aux whose restriction to L is ψ. The R-algebra homomorphismh then induces another R-algebra homomorphismh aux , whose restriction to C × is denoted by h aux . Moreover, we have a subring O aux ⊂ O for which the embedding L ֒→ L aux is O aux -linear. The point is that, for the auxiliary Shimura datum (O aux , Id, L aux , ψ aux , h aux ), the prime p is a good prime to which the main results of [La08] apply. Now we have an induced homomorphism of algebraic groups over Z
where the second group is defined by the auxiliary Shimura datum in the same way as before. The auxiliary Shimura datum provides a moduli stack M Gaux(Ẑ p ) which is separated smooth and of finite type over Z (p) . By the fact that p is a good prime for M Gaux(Ẑ p ) , one can show that there is a canonical isomorphism
More generally, for any open compact subgroup
for which p is a good prime and a morphism
compatible with the map between the two PEL data, which is finite on the coarse moduli spaces.
From now on, we always assume H is neat. Let M tor H be the toroidal compactification of M H for a fixed admissible smooth rational polyhedral cone decomposition datum Σ for M H . Proposition 2.3. (1) There is an admissible smooth rational polyhedral cone de-
), which is compatible with Σ in a natural way, and induces a canonical morphism
which is compatible with the stratifications on both sides (in particular, extending (2.3.1)) and the pull-back of universal objects.
be the corresponding minimal compactifications. Then the morphism (2.3.2) induces a natural morphism 
For the integral model M H p with prime to p level, we have the following stronger result:
is a closed embedding. In particular, we have a moduli interpretation for M H p , with PEL data as part of the moduli problem.
Proof. By Theorem 12.2 of [PR] , the flat scheme-theoretic image in M H p aux of the generic fibre M H p is normal, hence is canoically isomorphic to M H p . In another word, the integral model M H p defined above coincides with the canonical integral model of Pappas-Rapoport [PR] .
For the last claim, the reader is referred to Section 15 [PR] for more details.
2.4. Ordinary loci and partial compactifications.
2.4.1. Level structures prime to p. We recall certain results from Ch. 3 [La12] . Let S be a scheme over Z (p) . Let A be an abelian scheme over S, equipped with polarization λ and O-endomorphism i as before. Let
be an open compact. Let N be a natural number prime to p such that H p ⊃ U (N ), the principal mod N congruence subgroup. A principal level N structure of (A, λ, i) of type (LẐ p , ψ) is the pair (α N , ν N ) defined as follows:
and the λ-Weil pairing
induced by the polarization λ are compatible for a chosen isomorphism of group schemes ν N : Z/N Z ∼ −→ µ N with respect to a fixed primitive N -th root of unity ζ N .
(2) α H is symplectic liftable: there is a tower of finiteétale surjections
(This condition is required so that α N lifts, at any geometric point s of S, to an O-linear symplectic isomorphism between LẐ p and the Tate module of A s .) Consider all natural numbers N such that p ∤ N and
is torsion free as a Z p -module, and under the pairing ψ D 0 is totally isotropic and is its own annihilator. Such a filtration determines a filtration
that ψ(gx, gy) = cψ(x, y). We denote by U D the kernel of the natural morphism from P D to M D . Now for any integer n ∈ Z ≥0 , we set
Let S be a scheme over Z. Let A be an abelian scheme together with a polarization λ and an O-endomorphism i. An ordinary principal level p n structure of (A, λ, i) of type (L Zp , ψ, D) is the following data:
p n , and such that the scheme theoretic images Im(α 0 p n ) and Im(α
• The requirement that α p n is symplectic liftable: there is a tower of quasifiniteétale surjections
Integral models with ordinary level structures. Let
be the functor that assigns to a Z (p) -scheme S the isomorphism classes of the tuples (A, i, λ, α H p , α Hp ) as follows:
• A is an abelian scheme over S of relative dimension dg, equipped with an
The functor M ord,naive H is represented by a scheme of finite type over Z (p) . Let r H be the fixed nonnegative integer as in [La12] which is determined by the PEL data and the filtration D of L Zp . One can check that, over any Q[ζ p r H ]-scheme S, there is a natural assignment from the level H structures of (A, i, λ 
This is in general not projective, as the partial toroidal compactification M 2.5.1. The double-coset Hecke algebra. Let q be a prime number and v | q a place in F . For the completion F v of F at the place v, we denote by O v the integer ring and fix a uniformizer ̟ v . We define the spherical Hecke algebra H sph v for GSp 2g (F v ) with coefficients in Z to be the algebra of Z-valued functions on GSp 2g (F v ) that are bi-invariant under GSp 2g (O v ). It is generated by the characteristic functions on the following double cosets: inside the rational functions of the scheme (M/U ∩ M ) is non-zero. The BruhatTits decomposition shows that the subspace (Ind
U∩M is one dimensional, and T acts on a generator by −w 0 κ, where w 0 is the longest element in the Weyl group (with respect to T ). The M -translation of the generator generates a subrepresentaton
where an element m in the standard Levi M acts as m · f (x) = f (m −1 x). The R-dual ρ κ of ρ * κ is called the rational representation of highest weight κ, which has the universal property that for any M -module X,
We define the automorphic sheaf of weight κ on M to be
The construction above then provides the automorphic sheaves on M H and the ones on the auxiliary moduli in the integral cases, and then those on the integral models M = M H p , M ord H p without the assumption that p is a good prime for the moduli problems. We always denote the automorphic sheaves over M by the same symbol ω κ . By the results of Chapter 8 [La12] , the automorphic sheaf ω κ extends from the moduli schemes to the total (resp. partial) compactifications in a canonical way, which is compatible with the restrictions to the ordinary loci of the total objects. 2.5.3. Geometric correspondences. As in the previous section, we may assume p is a good prime for the moduli M.
Let a be an ideal of O. Let M a be the moduli stack of isogenies between objects in M, that is, the algebraic stack representing the functor M a which assigns to any base scheme S over Q (resp. Z (p) , resp. Z (p) [ζ p r H ]) the category in groupoids in which an object is an isogeny f : A → B between two polarized abelian schemes with endomorphisms and level structures (A, i A , λ A ) and (B, i B , λ B ), whose kernel is (étale locally) O-linearly isomorphic to (O/aO) g and intersects with (the image of) the level structure only along the unit section, is compatible with the O-endomorphisms, and respects the polarizations on both sides.
Here we obtain the representability of the functor M a by the use of the fact that M is representable and by the theory of Hilbert schemes (cf. P. 251 [FC] ). In particular, since H is assumed to be neat, the functor M a is represented by a quasiprojective scheme over Q (resp. Z (p) , resp. Z (p) [ζ p r H ]), which is denoted by the same symbol, as usual. The universal isogeny over M a is denoted by I a . Assigning such an isogeny to its source (resp. target), we have two natural projections In the case that p is invertible in the base scheme S, the two projections 
of type γ v . (We refer the reader to Ch. VII [FC] for details on the facts above.) In the two cases above, consider the commutative diagram
Applying π 1,a * and composing with the trace map
we obtain the map
Composing the natural map
with the one above and taking global sections, one gets the desired endomorphism
which will be denoted by U (p) in the case a = (p). We remark that the Hecke operator U (p) corresponds to the product of the double cosets T v,1 , v|p. We have the same construction for Z = M γv , the connected component of M v of type γ v . In these cases, the Hecke operators corresponding to the double cosets T v,i (resp. S v ) will be denoted by T v,i (resp. S v ) again.
2.6. Hasse invariants and liftings.
2.6.1. Hasse invariants on abelian schemes in characteristic p. Let A be an abelian scheme over S, a scheme in characteristic p. We have A (p) , the pull-back of A → S via the absolute Frobenius Frob S on S, and V A/S : A (p) → A, the Verschiebung isogeny. The latter then induces the map
A/S , whose highest exterior power gives
). Applying this to the universal abelian scheme on the special fibre of M H p , we then have a global section
which is known as the Hasse invariant of the moduli space. We have its extensions to M tor H p and M min H p , and denote them by h again. The reader is referred to Section 6.3 [La12] for more details.
Remark 2.9. For A/S an abelian scheme of dimension n, the Hasse invariant h(A) is non-vanishing if and only if A is ordinary, which means that A[p] has p n elements at every geometric point of S.
Lemma 2.10. Recall the notation from Section 2.5.3. The natural map of sheaves
Proof. This is by the functoriality of the Cartier operator. Let R be an F p -algebra. Note that
On the other hand, we have
where the last equality is obtained by theétaleness of the projection π 2 . Now the result follows, as by definition
Lifting Hasse invariants to characteristic zero. Consider the Hasse invariant
Since the line bundle (det ω)
Fp is ample, the line bundle (det ω)
is very ample for sufficiently large integer k.
Proof. It is standard to show by Serre vanishing that
when k is sufficiently large, which in turns gives the surjectivity of
From now on, we fix such a lift as in Proposition 2.11
3. Analytification of Siegel-Hilbert moduli schemes 3.1. Preliminary. We recall certain definitions and results from [KL] and [Lü] , which will be applied to the rigid analytifications of the Siegel-Hilbert moduli schemes, as well as their formal models and the automorphic sheaves.
3.1.1. Relative compactness. Let K be a finite extension of Q p and O K the ring of integers. For X a formal scheme over Spf O K , we denote by X rig the rigid analytic space associated to it, and by X 0 its special fibre. For U ⊂ X an admissible open, we let ]U 0 [ denote the tube of U, i.e. the pre-image in X rig of the U 0 under the natural specialization X rig → X 0 , which is surjective. If f : X → Y is morphism of rigid spaces, we call a morphism of ̟-adic O K -flat formal schemes f : X → Y a formal model of f , if f is the rigidification of f.
Definition 3.1. Let f : X → V be a quasi-compact morphism of rigid analytic spaces, and U ⊂ X a quasi-compact (relative to X) admissible open. We say U is relatively compact in X over V , denoted by
if there exists an admissible covering of quasi-compact subsets {V i } of V such that locally (over each
The notion of relative compactness in Definition 3.1 is independent of the choice of covering {V i }, essentially by Raynaud's theorem that the category of quasicompact rigid spaces is equivalent to that of quasi-compact admissible formal schemes localized by admissible blow-ups. 
3.1.2. Overconvergence. LetX be a quasi-compact rigid space over K, with a formal modelX. Let D ⊂X 0 be a Cartier divisor. Choose a finite covering {U i } i=1,··· ,n ofX 0 so that for any i the ideal of D| Ui is generated by a single section h i ∈ OX 0 . Choose for each h i a liftingh i ∈ Γ(X, OX). For any r ∈ (|p| 1/e , 1], definē
which is independent of the choice ofh i .
Proposition 3.3 (2.3.2 [KL] ). IfX(1) ⋐X X ′ for X ′ a quasi-compact admissible open ofX, then for any r close enough to 1 we haveX(r) ⊂ X ′ .
3.2. Lifting Frobenius. Let K be a finite extension of Q p . Let X be a scheme which is locally of finite type over O K , and X the formal completion of X along its special fiber. Denote by X rig the rigid fibre of X via Raynaud's functor. There is a natural morphism between the rigid fibre X rig and the analytification X an := (X ⊗ OK K) an of X:
which is an isomorphism if X is proper. [Lü] that, for r, s ∈ (|p| 1/e , 1) with s < r,
One has the following result from [Fa] . (cf. 4.1.3 [AIP] for extension to semiabelian schemes.) Theorem 3.4 (Theorem 6, [Fa] ). For each n ∈ Z ≥1 and r sufficiently close to 1 (depending on n), there is a canonical subgroup of level n H n (r) ⊂Ā 
Proposition 3.5. The morphism ϕ induces the following morphism if r is close enough to 1 , which is finite flat of degree p ndg :
Proof. One has the map ϕ n :M induced by the first one on the rigid fibre. The claim then follows from the argument in the proof of 3.1.7 [KL] , together with the observation on abelian schemes in 1.11.4 [Ka] .
Corollary 3.6. For r sufficiently close to 1, the sheafĀ
Proof. This is by Proposition 3.5. Again by the proof of 1.11.6 [Ka] , we have a well-defined map
sitting in the following commutative diagram
Proposition 3.7. The map ϕ n induces, for r close enough to 1, the following morphism which is finite flat of degree p dg :
Proof. This follows from Propositions 3.5 and 2.2.1 [KL] . 
H p p n ) 0 , and set Z ord,rig to be its intersection with M ur,ord,rig
Lemma 4.1 (Köcher principle). For r < 1 which is sufficiently close to 1, we have the natural isomorphisms H p p n , we just need to show the isomorphism for n = 0, which then reduces to the Köcher principle proved in [La12] .
M H p p n ,κ+Y,r (R), Remark 4.5. Let U + F be the group of totally positive units in O F , and U F,N its subgroup of elements which are congruent to 1 modulo N . As noted in 1.11.8 [KL] and Remark 2.1, the moduli spaces we have constructed are for G ′ = G × Res F/Q Gm G m , where the two maps in the product are the determinantal and diagonal ones. This is because multiplying by U + F on the polarizations of tuples in M H p p n is an isomorphism for the subgroup U Proof. This follows from Proposition 4.4 (2).
Corollary 4.9. For r close enough to 1, the action of U (p) on M H p p n ,κ+Y,r (R) is completely continuous.
Proof. We know by Proposition 4.7 that the map Res(r, r p ) is completely continuous. Moreover, the map (4.2.3) is continuous. Since a composition of a continuous map followed by a completely continuous one is again completely continuous, we are done.
Remark 4.10. It is the eigenvalues of the Hecke operator U (p) that we will interpolate, since we only construct a one-parameter family of overconvergent Siegel-Hilbert eigenforms. . . .
Let W be the rigid space whose E-valued points are continuous homomorphisms in
for any (not necessarily finite) field extension E/Q p . In the rest of the paper, we fix a classical weight κ and a finite extension L/Q p . For our purpose we only need the part of the weight space that "differs" from our fixed weight κ by parallel weights. Thus let W κ be the admissible subspace of W whose E-valued points, for E ⊂ C p a closed subfield containing L, are
for some continuous character τ :
where T is regarded as the co-ordinate on Adenoting by K v (m) the principal congruence subgroup at the prime v of level n, with associated idempotent e Kv(m) . Then we assume that n is large enough so that
